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Abstract:
A function f : [a, b] → R is called (p, a, b)-convex if f is p times continuously
differentiable, f (p) is convex and increasing, and f (k)(a) = 0 for all k = 1, . . . , p
where f (j) is the jth derivative of f . In this note we prove Hermite-Hadamard
inequalities for (p, a, b)-convex functions that are significantly tighter than the
classical Hermite-Hadamard inequality. We also prove inequalities for fractional
integrals that involve (p, a, b)-convex functions.
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1 Introduction
Hermite-Hadamard type inequalities have numerous applications in various fields of mathe-
matics (see Dragomir and Pearce (2003)). The classical Hermite-Hadamard inequality states
that for a convex function f : [a, b]→ R we have
f
(
a + b
2
)
≤
1
b− a
∫ b
a
f(x)dx ≤
f (a) + f(b)
2
. (1)
Generalizations and refinements of the Hermite-Hadamard inequality have received a sig-
nificant attention recently. Hermite-Hadamard inequality has been generalized and improved
for quasi-convex functions, h-convex functions, and other functions that exhibit some form
of convexity.1
Let Cp([a, b]) be the set of all p times continuously differentiable functions f : [a, b]→ R.
For k ≥ 1, we denote by f (k) the kth derivative of a function f and for k = 0 we define
f (0) := f . As usual, the derivatives at the extreme points f (k)(a) and f (k)(b) are defined
by taking the left-side and right-side limits, respectively. For a positive integer p and real
numbers a < b we define the following set of functions:
I(p, a, b) := {f ∈ Cp([a, b]) : f (p) is convex and increasing, f (k)(a) = 0 ∀k = 1, . . . , p}.
We have the following definition:
Definition 1 We say that a function f is a (p, a, b)-convex function if f ∈ I(p, a, b). For
p = 0 we say that a function f is a (0, a, b)-convex function if f is convex on [a, b].
It is easy to see that for every positive integer p the set I(p, a, b) is a subset of the
set of convex and increasing functions. The (p, a, b)-convex functions can be identified as
1 See for example Niculescu (2009), de la Cal et al. (2009), Set et al. (2010),
Bombardelli and Varosˇanec (2009), Zhang et al. (2010), Kavurmaci et al. (2011), O¨zdemir et al.
(2011), Bai et al. (2012), Sarikaya et al. (2013), I˙s¸can (2014), Chen and Katugampola (2017), and Olbrys´
(2019).
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the integrals of convex functions (Light, 2020). The set I(p,−∞,∞) is used to derive
concentration inequalities (see Pinelis (1999)) and the set I(p, a, b) is used to study stochastic
orders and decision making under uncertainty (see Light (2020)).
In this paper we provide a generalization of Hermite-Hadamard inequality for (p, a, b)-
convex functions. We also prove Hermite-Hadamard inequalities for fractional integrals that
involve (p, a, b)-convex functions.
2 Hermite-Hadamard inequalities
To prove our results we will use the following Theorem that generalizes Jensen’s inequality
for (p, a, b)-convex functions. For a proof see Light (2020).
Theorem 1 Let X be a random variable on [a, b] for some a < b. Let p ≥ 1 be an integer.
For every (p− 1, a, b)-convex function f we have
Ef(X) ≥ f
(
a + (E(X − a)p)1/p
)
(2)
where E is the expectation operator.
We now provide Hermite-Hadamard inequalities for the set of (p, a, b)-convex functions.
Theorem 2 Fix an integer p ≥ 1 and a < b. Let f be a (p− 1, a, b)-convex function. Then
f
(
1
(p+ 1)1/p
b+
(
1−
1
(p+ 1)1/p
)
a
)
≤
1
b− a
∫ b
a
f(x)dx ≤
p
p+ 1
f(a) +
1
p+ 1
f(b). (3)
Proof. Let f be a (p− 1, a, b)-convex function for some p ≥ 1 and a < b.
Let X be the continuous uniform random variable on [a, b], i.e., P(X ∈ [a, d]) = (d −
3
a)/(b− a) for all d ∈ [a, b]. Then Theorem 1 implies that
1
b− a
∫ b
a
f(x)dx ≥ f
(
a+
(∫ b
a
(x− a)p (b− a)−1dx
)1/p)
= f
(
a +
(
(b− a)p+1
(p+ 1)(b− a)
)1/p)
= f
(
1
(p+ 1)1/p
b+
(
1−
1
(p+ 1)1/p
)
a
)
which proves the left-hand-side of inequality (3).
Consider the random variable that yields a with probability t ∈ (0, 1) and b with proba-
bility 1− t. From Theorem 1 for all f ∈ I(p− 1, a, b) we have
(1− t)f(a) + tf(b) ≥ f
(
a+ (t(b− a)p)1/p
)
= f(a+ t1/p(b− a)).
Let t = λ1/p. We conclude that
f(λb+ (1− λ)a) ≤ λpf(b) + (1− λp) f(a)
for all 0 ≤ λ ≤ 1. Integrating both sides of the last inequality implies
∫ 1
0
f (λa+ (1− λ) b) dλ ≤ f(b)
∫ 1
0
λpdλ+ f (a)
∫ 1
0
(1− λp) dλ
⇔
1
b− a
∫ b
a
f(x)dx ≤
1
p+ 1
f(b) +
p
p+ 1
f(a)
which proves the right-hand-side of inequality (3).
Remark 1 For all p ≥ 1, inequality (3) provides a tighter lower and an upper bound on
1
b−a
∫ b
a
f(x)dx than inequality (1) because
f(a) + f(b)
2
≥
p
p+ 1
f(a) +
1
p+ 1
f(b)
4
and
1
(p+ 1)1/p
b+
(
1−
1
(p+ 1)1/p
)
a ≥
a+ b
2
.
Theorem 2 can be used for deriving inequalities for the Taylor reminder of some functions
of interest. For a function f : [0, b] → R that belongs to Cp[0, b], it is easy to see that
the remainder of the Taylor series of order p at the point 0 is a (p, 0, b)-convex function
whenever the function f (p) is convex and increasing. For example the function Tp(x) :=
exp(x) −
∑p
j=0 x
j/j! is (p, 0, b)-convex. Applying Theorem 2 for the (p − 1, 0, b)-convex
function Tp−1, and noting that Tp−1(0) = 0 and
∫ b
0
Tp−1(x)dx = Tp(b) yield the bounds:
Tp−1
(
1
(p+ 1)1/p
b
)
≤
Tp(b)
b
≤
1
p+ 1
Tp−1(b) (4)
for all b > 0 and every integer p ≥ 1.
Many Hermite-Hadamard type inequalities that hold for convex functions can be gen-
eralized for (p, a, b)-convex functions. We provide two examples. First, we generalize an
inequality for differentiable convex mappings that was proved in Dragomir and Agarwal
(1998) (see Theorem 3). Second, we generalize an inequality that involve fractional integrals
and convex functions that was proved in Sarikaya et al. (2013) (see Theorem 4).
Theorem 3 Suppose that f : [a, b] → R is differentiable on [a, b]. Suppose that |f ′| is a
(p− 1, a, b)-convex function. Then the following inequality holds:
∣∣∣∣f(a) + f(b)2 − 1(b− a)
∫ b
a
f(x)dx
∣∣∣∣ ≤ (b− a)4
[
2(p+ 0.5p)
(p+ 1)(p+ 2)
|f ′(a)|+
(
1−
2(p+ 0.5p)
(p+ 1)(p+ 2)
)
|f ′(b)|
]
.
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Proof. We have
∣∣∣∣f(a) + f(b)2 − 1(b− a)
∫ b
a
f(x)dx
∣∣∣∣ =
∣∣∣∣b− a2
∫ 1
0
(1− 2t)f ′(ta+ (1− t)b)dt
∣∣∣∣
≤
b− a
2
∫ 1
0
|1− 2t| |f ′(ta + (1− t)b)| dt
≤
b− a
2
∫ 1
0
|2t− 1| [tp|f ′(a)|+ (1− tp)|f ′(b)|] dt
=
(b− a)
4
[
2(p+ 0.5p)
(p+ 1)(p+ 2)
|f ′(a)|+
(
1−
2(p+ 0.5p)
(p+ 1)(p+ 2)
)
|f ′(b)|
]
.
The first equality follows from Lemma 2.1 in Dragomir and Agarwal (1998). The second
inequality follows because f is a (p − 1, a, b)-convex function (see the proof of Theorem 2).
The last equality follows from noting that
∫ 0.5
0
(1− 2t)tp =
0.5p+1
(p+ 1)(p+ 2)
and
∫ 1
0.5
(2t− 1)tp =
p+ 0.5p+1
(p+ 1)(p+ 2)
.
Thus,
∫ 1
0
|2t− 1|tp =
p+ 0.5p
(p+ 1)(p+ 2)
and
∫ 1
0
|2t− 1|(1− tp) = 0.5−
p+ 0.5p
(p+ 1)(p+ 2)
.
We now state and prove Hermite-Hadamard inequalities that involve fractional integrals
and (p, a, b)-convex functions.
Definition 2 Let f : [a, b]→ R, 0 ≤ a < b. The Riemann–Liouville integrals Iαa+f and I
α
b−f
of order α > 0 are defined by
Iαa+f(x) :=
1
Γ(α)
∫ x
a
(x− t)α−1f(t)dt,
for x > a and
Iαb−f(x) :=
1
Γ(α)
∫ b
x
(t− x)α−1f(t)dt,
6
for x < b where Γ(α) is the gamma function and I0a+f(x) = I
0
b−f(x) = f(x).
Sarikaya et al. (2013) prove the following Hermite-Hadamard inequality for fractional
integrals: Let f : [a, b]→ R, 0 ≤ a < b be a positive and convex function. We have
f
(
a + b
2
)
≤
Γ(α+ 1)
2(b− a)α
(
Iαa+f(b) + I
α
b−f(a)
)
≤
f(a) + f(b)
2
. (5)
We now generalize the last inequality for the class of (p, a, b)-convex functions.
For p ≥ 1 and α ≥ 0, define
γ(p, α) :=
α
2(α + p)
+
Γ(α + 1)Γ(p+ 1)
2Γ(α + p+ 1)
. (6)
Theorem 4 Let p ≥ 1 be an integer and let f be a (p − 1, a, b)-convex function where
0 ≤ a < b. Then for every α > 0 we have
f
(
γ(p, α)1/pb+ (1− γ(p, α)1/p)a
)
≤
Γ(α+ 1)
2(b− a)α
(
Iαa+f(b) + I
α
b−f(a)
)
≤ γ(p, α)f(b)+(1−γ(p, α))f(a).
(7)
Proof. Let p ≥ 1 be an integer and let α > 0. Let X be a random variable on [a, b] whose
probability density function g is given by
g(x) =
α
2(b− a)α
(
(x− a)α−1 + (b− x)α−1
)
on [a, b].
Note that
∫ b
a
g(x)dx = 1 and g(x) ≥ 0 for all x ∈ [a, b] so g is a density function.
We have
Ef(X) =
α
2(b− a)α
∫ b
a
f(x)
(
(x− a)α−1 + (b− x)α−1
)
dx =
Γ(α + 1)
2(b− a)α
(
Iαb−f(a) + I
α
a+f(b)
)
where we use the fact that αΓ(α) = Γ(α + 1).
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We also have
f
(
a+ (E (X − a)p)
1/p
)
= f
(
a+
(
α
2(b− a)α
∫ b
a
(x− a)p
(
(x− a)α−1 + (b− x)α−1
)
dx
)1/p)
= f
(
a+
(
α
2(b− a)α
(
(b− a)α+p
α + p
+
Γ(α)Γ(p+ 1)(b− a)α+p
Γ(α + p+ 1)
))1/p)
= f
(
a+
(
(b− a)p
2
(
α
α + p
+
Γ(α + 1)Γ(p+ 1)
Γ(α+ p + 1)
))1/p)
= f
(
γ(p, α)1/pb+ (1− γ(p, α)1/p)a
)
The second equality follows from
∫ b
a
(x− a)p(x− a)α−1dx = (b− a)α+p/(α + p)
and ∫ b
a
(x− a)p(b− x)α−1dx =
Γ(α)Γ(p+ 1)(b− a)p+α
Γ(p+ α + 1)
.
Hence, for a (p− 1, a, b)-convex function f we can use Theorem 1 to conclude that
f
(
γ(p, α)1/pb+ (1− γ(p, α)1/p)a
)
≤
Γ(α+ 1)
2(b− a)α
(
Iαa+f(b) + I
α
b−f(a)
)
which proves the left-hand-side of inequality (7).
Let f be a (p− 1, a, b)-convex function. From the proof of Theorem 1 we have
f(λb+ (1− λ)a) ≤ λpf(b) + (1− λp) f(a)
and
f((1− λ)b+ λa) ≤ (1− λ)pf(b) + (1− (1− λ)p) f(a)
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for all 0 ≤ λ ≤ 1. Adding the last two inequalities yields
f(λb+ (1− λ)a) + f((1− λ)b+ λa) ≤ f(b)(λp + (1− λ)p) + f(a)(2− λp − (1− λ)p).
Multiplying each side of the last inequality by λα−1 and integrating with respect to λ over
[0, 1] yield
∫ 1
0
λα−1f(λb+ (1− λ)a)dλ+
∫ 1
0
λα−1f((1− λ)b+ λa)dλ
≤ f(b)
∫ 1
0
λα−1(λp + (1− λ)p)dλ+ f(a)
∫ 1
0
λα−1(2− λp − (1− λ)p)dλ.
(8)
Note that
∫ 1
0
λα−1f(λb+ (1− λ)a)dλ =
∫ b
a
(
x− a
b− a
)α−1
f(x)
b− a
dx =
1
(b− a)α
Γ(α)Iαb−f(a).
Similarly ∫ 1
0
λα−1f((1− λ)b+ λa)dλ =
1
(b− a)α
Γ(α)Iαa+f(b).
Using inequality (8) yields
Γ(α)
(b− a)α
(∫ α
a+
f(b) +
∫ α
b−
f(a)
)
≤ f(b)
(
1
α + p
+
Γ(α)Γ(p+ 1)
Γ(α + p+ 1)
)
+f(a)
(
2
α
−
1
α + p
−
Γ(α)Γ(p+ 1)
Γ(α + p+ 1)
)
.
Multiplying each side of the last inequality by α/2 proves the right-hand-side of inequality
(7).
For all α > 0 note that
γ(1, α) =
α
2(α + 1)
+
Γ(α+ 1)Γ(2)
2Γ(α+ 2)
=
1
2
(
α
α + 1
+
1
α + 1
)
=
1
2
.
Thus, Theorem 4 reduces to inequality (5) for p = 1.
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